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GEOMETRY OF PARAQUATERNIONIC KÄHLER MANIFOLDS WITH
TORSION
SIMEON ZAMKOVOY
Abstrat. We study the geometry of PQKT-onnetions. We nd onditions to the existene of
a PQKT-onnetion and prove that if it exists it is unique. We show that PQKT geometry persist
in a onformal lass of metris.
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1. Introdution and statement of the results
The geometry of loally supersymmetri vetor multiplets in dimension (1, 3) is known as proje-
tive speial Kähler geometry. As indiated by the name, suh manifolds an be obtained from ane
speial Kähler manifolds (with homogeneity properties) by a projetivization. This an also be un-
derstood from the physial point of view in terms of the onformal alulus. One rst onstruts a
superonformally invariant theory and then eliminates onformal ompensators by imposing gauge
onditions. This gauge xing amounts to the projetivization of the salar manifold underlying
the superonformal theory [37, 34, 11, 12, 5, 4, 13, 16, 19, 1, 14℄. Based upon this results suh a
onstrution ould be adapted to the ase of Eulidean signature and projetive speial paraKäh-
ler manifolds are onstruted in [14℄. In Minkowski signature the oupling to supergravity implies
that the salar geometry is quaternioni-Kähler instead of hyper-Kähler manifolds [6℄. The relation
between these two kinds of geometries an again be understood as projetivization, beause every
quaternioni-Kähler manifold an be obtained as the quotient of a hyper-Kähler one [35℄. The iden-
tiation of the salar geometry of Eulidean hypermultiplets in rigidly supersymmetri theories is
made in [15℄. The fat, that the salar manifolds of Eulidean hypermultiplets are hyper-paraKähler
manifolds is one of the main results in [15℄.
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We reall that an almost hyper paraomplex struture on a 4n-dimensional manifold M is a
triple H = (Jα), α = 1, 2, 3, of two almost paraomplex strutures and one omplex struture
Jα : TM → TM satisfying the paraquaternioni identities
J2α = ǫα, JαJβ = −JβJα = −ǫγJγ , α, β, γ = 1, 2, 3, ǫ1 = ǫ2 = −ǫ3 = 1.
Here and heneforth (α, β, γ) is a yli permutation of (1, 2, 3).
When eah Jα is an integrable almost (para)omplex struture, H is said to be a hyper paraom-
plex struture on M . Suh a struture is also alled sometimes pseudo-hyper-omplex [17℄. Any
hyper paraomplex struture admits a unique torsion-free onnetion ∇CP preserving J1, J1, J3 [2, 3℄
alled the omplex produt onnetion. Examples of hyper-paraomplex strutures on the simple
Lie groups SL(2n + 1,R),SU(n, n + 1) are onstruted in [28℄.
Almost paraquaternioni strutures are introdued by Libermann (Libermann alled them almost
quaternioni struture of the seond kind) [33℄. An almost paraquaternioni struture on M is
a rank-3 subbundle P ⊂ End(TM) whih is loally spanned by an almost hyper-paraomplex
struture H = (Jα); suh a loally dened triple H will be alled an admissible basis of P. A
linear onnetion ∇ on TM is alled paraquaternioni if ∇ preserves P, i.e. ∇Xσ ∈ Γ(P) for all
vetor elds X and smooth setions σ ∈ Γ(P). An almost paraquaternioni struture is said to be
a paraquaternioni if there is a torsion-free paraquaternioni onnetion. A P-hermitian metri is a
pseudo-Riemannian metri whih is ompatible with P in the sense that g(JαX,JαY ) = −ǫαg(X,Y ),
for α = 1, 2, 3. The signature of g is neessarily of neutral type (2n, 2n). An almost paraquaternioni
(resp. paraquaternioni) manifold with a P-hermitian metri is said to be an almost paraquaternioni
Hermitian (resp. paraquaternioni Hermitian) manifold.
For n ≥ 2, the existene of a torsion-free paraquaternioni onnetion is a strong ondition
whih is equivalent to the 1-integrability of the assoiated GL(n,H)Sp(1,R) -struture [2, 3℄. The
paraquaternioni ondition ontrols the Nijenhuis tensor in the sense that N(X,Y )Jα := Nα(X,Y )
preserves the subbundle P. An invariant rst order dierential operator D is dened on any almost
paraquaternioni manifolds whih is two-step nilpotent i.e. D2 = 0 exatly when the struture
is paraquaternioni [29℄. If the Levi-Civita onnetion of a paraquaternioni hermitian manifold
(M,g,P) is a paraquaternioni onnetion then (M,g,P) is alled Paraquaternioni Kähler (briey
PQK). This ondition is equivalent the statement that the holonomy group of g is ontained in
Sp(n,R).Sp(1,R) [28℄. A typial example is the paraquaternioni projetive spae endowed with the
standard paraquaternioni Kähler struture [7℄. Any paraquaternioni Kähler manifold of dimension
4n ≥ 8 is known to be Einstein [21, 36℄. If a PQK manifold there exist a global admissible basis (H)
suh that eah almost (para)omplex struture (Jα) ∈ (H), α = 1, 2, 3 is parallel with respet to the
Levi-Civita onnetion then the manifold is alled hyper para-Kähler (briey HPK). Suh manifolds
are also alled hypersympleti [23℄, neutral hyper-Kähler [18, 31℄. In this ase the holonomy
group of g is ontained in Sp(n,R), n > 1 [36℄. Twistor and reetor spaes on paraquaternioni
Kähler manifold are onstruted and the integrability of the assoiated (para)omplex strutures
are investigated in [8℄ and [24℄, respetively. These onstrutions work also in the paraquaternioni
ase [30℄.
A natural generalization of PQK spaes is the notion of paraquaternioni Kähler manifolds with
torsion (briey PQKT) whih means that there exists a paraquaternioni onnetion preserving the
metri g with totally skew-symmetri torsion of type (1, 2) + (2, 1) with respet to eah Jα. More
general, if one onsiders the same onstrution in the general ase of an almost paraquaternioni
struture and denes the almost omplex struture on the twistor spae (resp. almost paraomplex
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struture on the reetor spae) using horizontal spaes of an arbitrary linear onnetion than the
integrability ondition is equivalent to the ondition that the torsion is of type (0, 2) with respet
eah Jα [27℄. The main objet of interest in this artile is the dierential geometri properties of
PQKT manifolds.
In setion 2 we nd neessary and suient onditions for the almost paraquaternioni struture
to be paraquaternioni struture if the dimension is at least 8 (Theorem 2.6).
In setion 3 we nd neessary and suient onditions to the existene of a PQKT onnetion
in terms of the Kähler 2-forms and show that the PQKT-onnetion is unique if the dimension is
at least 8 (Theorem 3.5) and we prove that the PQKT manifolds are invariant under onformal
transformations of the metri.
In setion 4 we prove that the (2, 0) + (0, 2)-parts of the Rii forms ρα, ρβ with respet to Jγ
oinide if the dimension is at least 8 (Theorem 4.4). We dene torsion 1-form t as a suitable trae
of the torsion 3-form and show that ρα is of type (1, 1) with respet to Jα if and only if dt is of
type (1, 1) with respet to eah Jα,α = 1, 2, 3 provided the dimension is at least 8 (Theorem 4.7).
We show that ⋆-Rii tensor ρ⋆α is symmetri if and only if dt is of type (1, 1) with respet to eah
Jα,α = 1, 2, 3 (Corollary 4.8).
In setion 5 we show that there are no homogeneous proper PQKT manifolds (i.e. homogeneous
PQKT whih is not PQK or HPKT) with dT of type (2,2) provided that the torsion is parallel and
dimension is at least 8 (Theorem 5.3).
2. Almost Paraquaternioni strutures
In this setion we study of the integrability of almost paraquaternioni strutures. We reall that
an almost paraquaternioni struture is G-struture with struture group GL(n,H).Sp(1,R)∼=
GL(2n,R).Sp(1,R). The almost paraquaternioni strutures are studied intensively in the last
years, espeially in the ase of hyper-paraKähler and paraquaternioni Kähler [21, 36, 7, 9, 10, 30℄
i.e. the struture group is further redued to Sp(n,R) or Sp(n,R).Sp(1,R).
Let ∇ be a paraquaternioni onnetion i.e.
(2.1) ∇Jα = ωβ ⊗ Jγ + ǫγωγ ⊗ Jβ ,
where ωα, α = 1, 2, 3 are 1-forms.
Here and heneforth (α, β, γ) is a yli permutation of (1, 2, 3).
The Nijenhuis tensor Nα of an almost (para)omplex struture Jα is given by
Nα(X,Y ) = [JαX,JαY ] + ǫα[X,Y ]− Jα[JαX,Y ]− Jα[X,JαY ].
It is well-known that an almost (para)omplex struture is a (para)omplex struture if and only
if its Nijenhuis tensor vanishes.
The Nijenhuis braket [[A,B]] of two endomorphisms is dened in terms of the Lie braket of
vetor elds in the following way:
[[A,B]](X,Y ) = [AX,BY ]−A[BX,Y ]−B[X,AY ] + [BX,AY ]−B[AX,Y ]−A[X,BY ]+
+(AB +BA)[X,Y ]
and [[Jα, Jα]](X,Y ) = 2Nα(X,Y ).
Proposition 2.1. Let H = (Jα) be an almost hyper-paraomplex struture on M .
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1) There exist onnetion ∇CP whih preserves H. The onnetion ∇CP is given by
(2.2) ∇CPX Y =
1
12
(
∑
(α,β,γ)
(Jα[JβX,JγY ]− Jα[JγX,JβY ])− 2
3∑
α=1
(ǫαJα[JαX,Y ]− ǫαJα[X,JαY ]))−
−
1
12
3∑
α=1
(ǫα[JαX,JαY ]− ǫαJα[JαX,Y ]− ǫαJα[X,JαY ] + [X,Y ]) +
1
2
[X,Y ],
where (α, β, γ) indiates sum over yli permutations of (1, 2, 3).
2) its torsion tensor TH satises
(2.3) TH = −
1
12
3∑
α=1
ǫα[[Jα, Jα]],
for any two vetor elds X,Y .
Proof. One veries easily that the formula (2.2) denes a onnetion ∇CP whih preserve H and
whose torsion tensor is given by (2.3). Q.E.D.
Remark 2.2. If we denote by
∇0XY =
1
12
(
∑
(α,β,γ)
(Jα[JβX,JγY ]−Jα[JγX,JβY ])−2
3∑
α=1
(ǫαJα[JαX,Y ]−ǫαJα[X,JαY ]))+
1
2
[X,Y ],
then the onnetion ∇0 is haraterized by the following properties:
1) It is torsion-free: T∇
0
= 0;
2) ∇0Jα = −
1
2 [T
H , Jα].
The ∇CP onnetion an be written as
∇CP = ∇0 +
1
2
TH .
We need from the following
Lemma 2.3. Let H = (Jα) be an almost hyper-paraomplex struture on M . Then for any vetor
X,Y the following formulas hold:
(2.4) [[Jα, Jβ ]](X,Y ) = JαT
H(X,JβY ) + JαT
H(JβX,Y ) + JβT
H(X,JαY ) + JβT
H(JαX,Y )−
+JβT
H(JαX,Y )− T
H(JαX,JβY )− T
H(JβX,JαY );
(2.5) −12ǫγT
H(X,Y ) = Jα[[Jα, Jβ ]](X,JβY ) + Jα[[Jα, Jβ ]](JβX,Y ) + Jβ [[Jα, Jβ ]](X,JαY )+
+Jβ[[Jα, Jβ ]](JαX,Y )− [[Jα, Jβ ]](JαX,JβY )− [[Jα, Jβ ]](JβX,JαY );
(2.6)
1
2
[[Jα, Jα]](X,Y ) = −ǫαT
H(X,Y ) + JαT
H(X,JαY ) + JαT
H(JαX,Y )− T
H(JαX,JαY );
(2.7) 2[[Jα, Jα]](X,Y ) = [[Jβ , Jβ ]](JγX,JγY )− Jγ [[Jβ , Jβ ]](JγX,Y )− Jγ [[Jβ , Jβ ]](X,JγY )−
ǫγ [[Jβ , Jβ ]](X,Y ) + [[Jγ , Jγ ]](JβX,JβY )− Jβ[[Jγ , Jγ ]](JβX,Y )−
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−Jβ [[Jγ , Jγ ]](X,JβY )− ǫβ[[Jγ , Jγ ]](X,Y )
Proof. The rst three of these equalities follow by denition with long but standard omputation.
The fourth equality is a Proposition 6.1 in [30℄. Q.E.D.
As an appliation of these formulas we obtain neessary and suient onditions an almost
hyper-paraomplex struture H to be hyper-paraomplex struture.
Proposition 2.4. Let H = (Jα) be an almost hyper-paraomplex struture on M . Then the follow-
ing onditions are equivalent:
1) H is a hyper-paraomplex struture;
2) two of the almost (para)omplex strutures Jα (α = 1, 2, 3) are integrable;
3) one of the Nijenhuis brakets [[Jα, Jβ ]] (α 6= β) is zero.
If one of this ondition is veried all Nijenhuis brakets [[Jα, Jβ ]], ∀α, β vanish.
Proof. If H is hyper-paraomplex then TH = 0 and 2), 3) follow by (2.6), (2.4) respetively;
Vie-versa, 2) or 3) imply 1) by (2.7), (2.5) respetively. Q.E.D.
Proposition 2.5. Let P be an almost paraquaternioni struture and H = (Jα) be an admissible
basis of P. Let ∇ be a globally dened onnetion whih preserve P and let T be its torsion tensor.
Then
1) There exist globally dened onnetion ∇P whih preserves P. The onnetion ∇P is given by
(2.8) ∇PXY = ∇XY +
3∑
α=1
(ǫαbα −
1
3
ǫαb ◦ Jα)(X)JαY−
−
1
12
3∑
α=1
(T (X,Y )− ǫαT (JαX,JαY ) + ǫαJαT (X,JαY ) + ǫαJαT (JαX,Y )),
where bα, b are loal 1-forms dened by
bα(X) =
1
2n − 1
tr(JαT (X)) = −
1
2n− 1
4n∑
i=1
ǫig(T (X, ei), Jαei), b =
3∑
α=1
ǫαbα ◦ Jα, α = 1, 2, 3;
2) The torsion tensor T P of ∇P is given by
(2.9) T P = TH + ∂(CH),
where CH =
∑3
α=1 ǫαa
H
α ⊗ Jα, ∂ denotes the operator of alternation and
aHα (X) =
1
2n− 1
tr(JαT
H(X)) = −
1
2n− 1
4n∑
i=1
ǫig(T
H(X, ei), Jαei), α = 1, 2, 3
are the struture 1-forms of H.
Moreover
(2.10)
3∑
α=1
ǫαa
H
α ◦ Jα = 0.
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Proof. For any onnetion ∇ with torsion tensor T preserving P we have
[[Jα, Jα]](X,Y ) = 2∂((ǫγωγ ◦ Jα − ǫβωβ)⊗ Jβ + (ωβ ◦ Jα + ωγ)⊗ Jγ)(X,Y )−
−2T (JαX,JαY ) + 2JαT (JαX,Y ) + 2JαT (X,JαY )− 2ǫαT (X,Y ).
Thus, we have
(2.11) 6TH(X,Y ) + ∂
∑
(α,β,γ)
((2ǫβωα + ǫβωγ ◦ Jβ − ǫαωβ ◦ Jγ)⊗ Jα)(X,Y ) =
=
3∑
α=1
(T (X,Y ) + ǫαT (JαX,JαY )− ǫαJαT (JαX,Y )− ǫαJαT (X,JαY )).
One veries easily that the formula (2.8) denes a onnetion ∇P whih preserve P and whose
torsion tensor is
(2.12) 6T P(X,Y ) =
3∑
α=1
(T (X,Y ) + ǫαT (JαX,JαY )− ǫαJαT (JαX,Y )− ǫαJαT (X,JαY ))+
+6∂
3∑
α=1
((ǫαbα −
1
3
b ◦ Jα)⊗ Jα)(X,Y )
Taking the appropriate trae in (2.11), to get
(2.13) 3ǫαa
H
α = (2ǫβωα + ǫβωγ ◦ Jβ − ǫαωβ ◦ Jγ) + (2ǫαbα + bβ ◦ Jγ − bγ ◦ Jβ).
Now, equalities (2.11), (2.12) and (2.13) prove (2.9). The equality (2.10) follows from (2.13).
Q.E.D.
The following theorem gives the neessary and suient ondition for an almost paraquaternioni
struture to be paraquaternioni struture.
Theorem 2.6. An almost paraquaternioni struture P is paraquaternioni struture if and only if
T P = 0.
Proof. 1) Assume T P = 0. Then TH has the form
TH = −∂
3∑
α=1
ǫαa
H
α ⊗ Jα.
It is easy hek that ∇ = ∇H +
∑3
α=1 ǫαa
H
α ⊗ Jα is torsion-free onnetion. From equalities
∇Jα = ω¯β ⊗ Jγ + ǫγω¯γ ⊗ Jβ, where ω¯α = ωα − 2ǫγa
H
α it follows that ∇ preserves P.
2) How let ∇ be a paraquaternioni onnetion and H = (Jα) an admissible basis of P. For any
torsion-free onnetion ∇¯ preserving P we have
[[Jα, Jα]] = 2∂((ǫγωγ ◦ Jα − ǫβωβ)⊗ Jβ + (ωβ ◦ Jα + ωγ)⊗ Jγ)
Thus we obtain
(2.14) 6TH = −∂
∑
(α,β,γ)
(2ǫβωα + ǫβωγ ◦ Jβ − ǫαωβ ◦ Jγ)⊗ Jα.
From the formula (2.13), we get 6TH = −6∂
∑3
α=1 ǫαa
H
α ⊗ Jα. Hene T
P = 0. Q.E.D.
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3. Charaterizations of PQKT onnetion
Let (M,g, (Jα) ∈ P,α = 1, 2, 3) be a 4n-dimensional almost paraquaternioni manifold with P-
hermitian pseudo-Riemannian metri g. We shell work loally with an admissible basis (Jα). The
Kähler form Fα of eah Jα is dened by Fα = g(., Jα.). The orresponding Lee forms are given by
θα = −ǫαδFα ◦ Jα.
For an r-form ψ we denote by Jαψ the r-form dened by Jαψ(X1, ...,Xr) := (−1)
rψ(JαX1, ..., JαXr),
α = 1, 2, 3. We shall use the notations dαFβ(X,Y,Z) = −dFβ(JαX,JαY, JαZ), α, β = 1, 2, 3.
We reall the deomposition of a skew-symmetri tensor P ∈ Λ2T ∗M ⊗ TM with respet to
a given almost (para)omplex struture Jα. The (1,1), (2,0) and (0,2) part of P are dened by
P 1,1(JαX,JαY ) = −ǫαP
1,1(X,Y ), P 2,0(JαX,Y ) = JαP
2,0(X,Y ), P 0,2(JαX,Y ) = −JαP
0,2(X,Y ),
respetively.
For eah α = 1, 2, 3, we denote by dF+α (resp. dF
−
α ) the (1, 2) + (2, 1)-part (resp. (3, 0) + (0, 3)-
part) of dFα with respet to the almost (para)omplex struture Jα. We onsider the following
1-forms
θα,β = ǫα
1
2
4n∑
i=1
ǫidF
+
α (X, ei, Jβei), α, β = 1, 2, 3.
Here and further e1, e2, . . . , en, en+1 = J3e1, en+2 = J3e2, . . . , e2n = J3en, e2n+1 = J1e1, e2n+2 =
J1e2, . . . , e3n = J1en, e3n+1 = J2e1, e3n+2 = J2e2, . . . , e4n = J2en where J1ei = e2n+i, J1en+i =
e3n+i, J2ei = e3n+i, J2en+i = −e2n+i, J3e2n+i = −e3n+i, J3ei = e2n+i, i = 1 . . . n and g(ei, ei) = ǫi
where ǫi = +1,i = 1, . . . , 2n and ǫi = −1,i = 2n+1, . . . , 4n is an orthonormal basis of the tangential
spae.
Note that θα,α = θα.
Let T (X,Y ) = ∇XY −∇YX−[X,Y ] be the torsion tensor of ∇. We denote by the same letter the
torsion tensor of type (0,3) given by T (X,Y,Z) = g(T (X,Y ), Z). The Nijenhuis tensor is expressed
in terms of ∇ as follows
Nα(X,Y ) = −ǫα4T
0,2
α (X,Y ) + (∇JαXJα)(Y )− (∇JαY Jα)(X)− (∇Y Jα)(JαX) + (∇XJα)(JαY ),
where the (0,2)-part T 0,2α of the torsion with respet to Jα is given by
(3.15) T 0,2α (X,Y ) =
1
4
(T (X,Y ) + ǫαT (JαX,JαY )− ǫαJαT (JαX,Y )− ǫαJαT (X,JαY )) .
A 3-form ψ is of type (1,2)+(2,1) with respet to an almost (para)omplex struture Jα if and only
if it satises the equality [30℄
(3.16) −ǫαψ(X,Y,Z) = ψ(JαX,JαY,Z) + ψ(JαX,Y, JαZ) + ψ(X,JαY, JαZ).
Denition. An almost paraquaternioni hermitian manifold (M,g, (Hα) ∈ P) is a PQKT manifold
if it admits a metri paraquaternioni onnetion ∇ with totally skew symmetri torsion whih
is (1,2)+(2,1)-form with respet to eah Jα, α = 1, 2, 3. If the torsion 3-form is losed then the
manifold is said to be a strong PQKT manifold.
It follows that the holonomy group of ∇ is a subgroup of Sp(n,R).Sp(1,R).
By means of (2.1), (3.15) and (3.16), the Nijenhuis tensor Nα of Jα, α = 1, 2, 3, on a PQKT
manifold is given by
(3.17) Nα(X,Y ) = −Aα(Y )JβX +Aα(X)JβY − JαAα(Y )JγX + JαAα(X)JγY,
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where
(3.18) Aα = ωβ − ǫαJαωγ .
Remark 1. The torsion of∇ is a (1,2)+(2,1)- form with respet to any (loal) almost (para)omplex
struture J ∈ P . In fat, it is suient that the torsion is a (1,2)+(2,1)-form with respet to the
only two almost (para)omplex strutures of (H) sine Proposition 6.1 in [30℄ gives the neessary
expression of NJα by NJβ and NJγ . Indeed, it is easy to see that the formula from the Proposition
6.1 in [30℄ holds for the (0,2)-part T 0,2α , α = 1, 2, 3, of the torsion. Hene, the vanishing of the
(0,2)-part of the torsion with respet to any two almost (para)omplex strutures in (H) implies
the vanishing of the (0,2)-part of T with respet to the third one.
On a PQKT manifold there are three naturally assoiated 1-forms dened by
(3.19) tα(X) = ǫα
1
2
4n∑
i=1
ǫiT (X, ei, Jαei), α = 1, 2, 3.
Following [25℄, we have
Proposition 3.1. On a PQKT manifold J1t1 = J2t2 = J3t3.
Proof. Applying (3.16) with respet to Jβ we obtain
tα(X) = ǫα
1
2
4n∑
i=1
ǫiT (X, ei, Jαei) = −
1
2
4n∑
i=1
T (X,Jβei, Jγei)
=
1
2
4n∑
i=1
ǫiT (JβX, ei, Jγei) +
1
2
4n∑
i=1
ǫiT (JβX, ei, Jγei)− ǫα
1
2
4n∑
i=1
ǫiT (X, ei, Jαei).
The last equality implies tα = ǫαǫβJβtγ whih proves the assertion. Q.E.D.
We introdue the torsion 1-form on PQKT manifolds by the equality
(3.20) t(X) = −
1
2
4n∑
i=1
ǫαǫiT (JαX, ei, Jαei).
We need the following
Lemma 3.2. For a three form T of type (1, 2) + (2, 1) with respet to eah Jα one has
4n∑
i,j=1
ǫiǫjg(T (ei, ej), T (Jγei, Jβej)) = 0,
4n∑
i,j=1
ǫiǫjg(T (ei, ej), T (Jβei, Jβej)) = −
1
3
ǫβ|T |
2,
where | · |2 denotes the norm with respet to the metri g.
Proof. This proof is very similar to the proof of Lemma3.2 in [26℄ and we omit it. Q.E.D.
Further, we have
Theorem 3.3. Let (M,g, (Jα ∈ P) be a 4n-dimensional PQKT manifold. Then the following
identities hold
(3.21)
4n∑
i,j=1
ǫi(∇XT )(JαY, ei, Jαei) = −2ǫα(∇X t)(Y );
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(3.22)
4n∑
i,j=1
ǫiǫjdT (ej , Jαej , eiJαei) = 8ǫαδt− 8ǫα|t|
2 +
4
3
ǫα|T |
2,
4n∑
i,j=1
ǫiǫjdT (ej , Jβej , eiJγei) = 0,
where δ is the odierential with respet to g.
Proof. The formula (3.21) follows from (2.1) and denition (3.20) of the torsion 1−form by
straightforward alulations. To prove (3.22) we need the expression of dT in terms of ∇ [20, 25℄,
(3.23) dT (X,Y,Z,U) =
σ
XY Z
{(∇XT )(Y,Z,U) + 2g(T (X,Y ), T (Z,U)} − (∇UT )(X,Y,Z),
where
σ
XY Z
denotes the yli sum of X,Y,Z. Taking the appropriate trae in (3.23) and applying
Lemma3.2 we obtain the rst equality in (3.22). Finally, from (3.23) ombined with (3.21) and
Lemma3.2 we get that
4n∑
i,j=1
ǫiǫjdT (ej , Jβej , eiJγei) = −4
4n∑
i,j=1
ǫiǫjg(T (ei, ej), T (Jγei, Jβej)) = 0.
Q.E.D.
Theorem 3.4. Every PQKT is a paraquaternioni manifold.
Proof. This is an immediate onsequene of (3.17) and Theorem2.6 Q.E.D.
However, the onverse to the above property is not always true. In fat, we have
Theorem 3.5. Let (M,g, (Jα ∈ P) be a 4n-dimensional (n > 1) paraquaternioni manifold with
P-hermitian metri g. Then M admits a PQKT struture if and only if the following onditions
hold
(3.24) (dαFα)
+ − (dβFβ)
+ =
1
2
(ǫγKα ∧ Fβ − ǫβJβKβ ∧ Fα − ǫα(Kβ − JαKα) ∧ Fγ) ,
where (dαFα)
+
denotes the (1,2)+(2,1) part of (dαFα) with respet to Jα, α = 1, 2, 3 and the 1-
forms Kα, α = 1, 2, 3, are given by
(3.25) Kα =
1
1− n
(ǫαJβθα + ǫβθα,γ) .
The metri paraquaternioni onnetion ∇ with torsion 3-form of type (1,2)+(2,1) is unique and is
determined by
(3.26) ∇ = ∇g +
1
2
(
(dαFα)
+ −
1
2
(ǫαJαKα ∧ Fγ + ǫγKα ∧ Fβ)
)
,
where ∇g is the Levi-Civita onnetion of g.
Proof. To prove the 'if' part, let ∇ be a metri paraquaternioni onnetion satisfying (2.1) whih
torsion T has the required properties. We follow the sheme in [25℄. Sine T is skew-symmetri, we
have
(3.27) ∇ = ∇g +
1
2
T.
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We obtain using (2.1) and (3.27) that
1
2
(T (X,JαY,Z) + (T (X,Y, JαZ)) = −g
(
(∇gXJα)Y,Z
)
(3.28)
−ωβ(X)Fγ(Y,Z)− ǫγωγ(X)Fβ(Y,Z).
The tensor ∇gJα is deomposed by parts aording to ∇Jα = (∇Jα)
2,0 + (∇Jα)
0,2
, where [30, 22℄
(3.29) g
(
(∇gXJα)
2,0Y,Z
)
= −
1
2
(
ǫα(dFα)
+(X,JαY, JαZ) + (dFα)
+(X,Y,Z)
)
(3.30) g
(
(∇gXJα)
0,2Y,Z
)
=
1
2
(g(Nα(X,Y ), JαZ)− g(Nα(X,Z), JαY )− g(Nα(Y,Z), JαX))
Taking the (2,0) part in (3.28) we obtain using (3.29) that
T (X,JαY,Z) + T (X,Y, JαZ) = (ǫαdF
+
α (X,JαY, JαZ) + dF
+
α (X,Y,Z))(3.31)
−Cα(X)Fγ(Y,Z) + ǫγCα(JαX)Fβ(Y,Z),
where
(3.32) Cα = ωβ + ǫαJαωγ .
The yli sum of (3.31) and the fat that T and (dFα)
+
are (1,2)+(2,1)-forms with respet to eah
Jα, gives
(3.33) T = (dαFα)
+ −
1
2
(ǫαJαCα ∧ Fγ + ǫγCα ∧ Fβ) .
Further, we take the ontrations in (3.33) to get
Jαtα = −θα − ǫγJβCα,
Jαtα = ǫβJγθβ,α − nǫαJγCβ,(3.34)
Jαtα = −ǫγJβθγ,α − nǫβJαCγ
Using Proposition 3.1, (3.18) and (3.32), we obtain onsequently from (3.34) that
(3.35) ǫαAα = −JαCβ + ǫαJγCγ = Jβ (θγ − θβ) ,
(3.36) (n− 1)ǫγJβCα = θα + ǫαJβθα,γ .
Then (3.24) and (3.25) follow from (3.33) and (3.36).
For the onverse, we dene ∇ by (3.26). To omplete the proof we have to show that ∇ is a
paraquaternioni onnetion. We alulate
g ((∇XJα)Y,Z) = g
(
(∇gXJα)Y,Z
)
+
1
2
(T (X,JαY,Z) + T (X,Y, JαZ))
= −ωβ(X)Fγ(Y,Z)− ǫγωγ(X)Fβ(Y,Z),
where we used (3.29), (3.30), (3.35), (3.25), (3.18), (3.32) and the ompatibility ondition (3.24) to
get the last equality. The uniqueness of ∇ follows from (3.26). Q.E.D.
In the ase of hyper-paraKähler manifold with torsion (briey HPKT), Kα = dF
−
α = 0 and
Theorem 3.5 is a onsequene of the general results in [30℄ whih imply that on a para-Hermitian
manifold there exists a unique linear onnetion with totally skew-symmetri torsion preserving the
GEOMETRY OF PARAQUATERNIONIC KÄHLER MANIFOLDS WITH TORSION 11
metri and the (para)omplex struture.
As a onsequene of the proof of Theorem 3.5, we get
Proposition 3.6. The Nijenhuis tensors of a PQKT manifold depend only on the dierene be-
tween the Lie forms. In partiular, the almost (para)omplex strutures Jα on a PQKT manifold
(M, (Jα) ∈ P, g,∇) are integrable if and only if
θα = θβ = θγ
Proof. The Nijenhuis tensors are given by (3.17) and (3.35). Q.E.D.
Corollary 3.7. On a 4n-dimensional PQKT manifold the following formulas hold
Jβθα,γ = −Jγθα,β,
(3.37) (n2 + n)θα − nθβ − n
2θγ − ǫβJγθβ,α − nǫγJαθγ,β + (n+ 1)ǫαJβθα,γ = 0.
If n = 1 then θα = −ǫαJβθα,γ = ǫαJγθα,β.
Proof. The rst formula follows diretly from the system (3.34). Solving the system (3.34) with
respet to Cα we obtain
(3.38) (n3 − 1)ǫγJβCα = (θα + ǫβJγθβ,α) + n(θβ + ǫγJαθγ,β) + n
2(θγ + ǫαJβθα,γ).
Then (3.37) is a onsequene of (3.38) and (3.36). The last assertion follows from (3.36) . Q.E.D.
Corollary 3.8. On a 4n-dimensional (n > 1) PQKT manifold the sp(1,R)-onnetion 1-forms are
given by
(3.39) ωβ =
1
2
ǫαJβ
(
θγ − θβ +
1
1− n
θα
)
+
1
2(1 − n)
ǫβθα,γ .
Proof. The proof follows in a straightforward way from (3.35), (3.36), (3.18) and (3.32). Q.E.D.
Theorem 3.5 and the above formulas lead to the following riterion
Proposition 3.9. Let (M,g, (Jα)) be a 4n-dimensional (n > 1) PQKT manifold. The following
onditions are equivalent:
i) (M,g, (H)) is a loal HPKT manifold;
ii) dαF
+
α = dβF
+
β = dγF
+
γ ;
iii) θα = −ǫαJβθα,γ .
Proof. If (M,g, (H)) is a HPKT manifold, the onnetion 1-forms ωα = 0, α = 1, 2, 3. Then ii)
and iii) follow from (3.32), (3.36), (3.25) and (3.24).
If iii) holds, then (3.36) and (3.35) yield Cα = Aα = 0, α = 1, 2, 3, sine n > 1. Consequently,
2ωα = JβCβ − JβAβ = 0 by (3.32) and (3.18). Thus the equivalene of i) and iii) is proved.
Let ii) holds. Then we ompute that θα = Jγθβ,α. Sine n > 1, the equality (3.38) leads to
Cα = 0, α = 1, 2, 3, whih fores ωα = 0, α = 1, 2, 3 as above. This ompletes the proof. Q.E.D.
The next theorem shows that PQKT manifolds are stable under a onformal transformations.
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Theorem 3.10. Let (M,g, (Jα),∇) be a 4n-dimensional PQKT manifold. Then every pseudo-
Riemannian metri g¯ in the onformal lass [g℄ admits a PQKT onnetion. If g¯ = fg for a
funtion f then the PQKT onnetion ∇¯ orresponding to g¯ is given by
g¯(∇¯XY,Z) = fg(∇XY,Z) +
1
2
(df(X)g(Y,Z) + df(Y )g(X,Z) − df(Z)g(X,Y ))(3.40)
−
1
2
(ǫαJαdf ∧ Fα + ǫβJβdf ∧ Fβ + ǫγJγdf ∧ Fγ) (X,Y,Z).
The torsion tensors T and T¯ and the torsion 1-forms t and t¯ of ∇ and ∇¯ are related by
(3.41) T¯ = fT − ǫαJαdf ∧ Fα − ǫβJβdf ∧ Fβ − ǫγJγdf ∧ Fγ .
(3.42) t¯ = t− (2n+ 1)d ln f.
Proof. First we assume n > 1. We apply Theorem 3.5 to the paraquaternioni Hermitian manifold
(M, g¯ = fg, (Jα) ∈ P). We denote the objets orresponding to the metri g¯ by a line above the
symbol e.g. F¯α denotes the Kähler form of Jα with respet to g¯. An easy alulation gives the
following sequene of formulas
(3.43) dαF¯
+
α = −ǫαJαdf ∧ Fα + fdαF
+
α ; θ¯α = θα + (2n− 1)d ln f ; θ¯α,γ = θα,γ + ǫγJβd ln f.
We substitute (3.43) into (3.25), (3.35) and (3.39) to get
(3.44) K¯α = Kα − 2ǫαJβd ln f, A¯ = A, ω¯α = ωα − ǫαJβd ln f.
Using (3.43) and (3.44) we verify that the onditions (3.24) with respet to the metri g¯ are fullled.
Theorem 3.5 implies that there exists a PQKT onnetion ∇¯ with respet to (g¯, P ). Using the well
known relation between the Levi-Civita onnetions of onformally equivalent metris, (3.43) and
(3.44), we obtain (3.40) from (3.26).
Using (3.40), we get (3.41) and onsequently (3.42). Q.E.D.
Namely, any onformal metri of a PQK, HPK or HPKT manifold will give a PQKT manifold.
This leads to the notion of loally onformally PQK (resp. loally onformally HPK, resp. loally
onformally HPKT) manifolds (briey l..PQK (resp. l..HPK, resp. l..HPKT) manifolds) in the
ontext of PQKT geometry.
We reall that a paraquaternioni Hermitian manifold (M,g,P) is said to be l..PQK (resp. l..HPK,
resp. l..HPKT) manifold if eah point p ∈M has a neighborhood Up suh that g
∣∣∣
Up
is onformally
equivalent to a PQK (resp.HPK, resp.HPKT) metri.
For example, the Kodaira-Thurston surfae modeled on
˜SL(2,R)×R/Γ is on example of a ompat
l..HPKT whih is not globaly onformal HPKT [30℄.
Theorem 3.10, Theorem 3.5 together with Proposition 3.6 and Proposition 3.9 imply the following
Corollary 3.11. Every l..PQK manifold admits a PQKT struture.
Further, if (M,g, (Jα),∇) is a 4n-dimensional n > 1 PQKT manifold then:
i) (M,g, (Jα),∇) is a l..PQK manifold if and only if
(3.45) T = −
1
2n+ 1
(tα ∧ Fα + tβ ∧ Fβ + tγ ∧ Fγ) , dt = 0;
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ii) (M,g, (Jα),∇) is a l..HPKT manifold if and only if the 1-form θα + ǫαJβθα,γ is losed i.e.
d(θα + ǫαJβθα,γ) = 0;
iii) (M,g, (Jα),∇) is a l..HPK manifold if an only if (3.45) holds and
θα + ǫαJβθα,γ =
2(1− n)
2n+ 1
t.
4. Curvature of a PQKT spae
Let R = [∇,∇]−∇[,] be the urvature tensor of type (1,3) of ∇. We denote the urvature tensor
of type (0,4) R(X,Y,Z, V ) = g(R(X,Y )Z, V ) by the same letter. There are three Rii forms and
three salar funtion given by
ρα(X,Y ) =
1
2
4n∑
i=1
ǫiR(X,Y, ei, Jαei), α = 1, 2, 3,
Scalα,β =
4n∑
i=1
ǫiǫαρα(ei, Jβei), α, β = 1, 2, 3.
Proposition 4.1. The urvature of a PQKT manifold (M,g, (Jα),∇) satises the following rela-
tions
(4.46) [R(X,Y ), Jα] =
1
n
(−ǫαργ(X,Y )⊗ Jβ + ǫαρβ(X,Y )⊗ Jγ) ,
(4.47) ǫγρα = dωα + ǫαωβ ∧ ωγ .
Proof. We follow the lassial sheme (see e.g. [30℄). Using (2.1), we obtain
[R(X,Y ), Jα] = (dωβ + ǫβωγ ∧ ωα)(X,Y )⊗ Jγ + ǫγ(dωγ + ǫγωα ∧ ωβ)(X,Y )⊗ Jβ .
Taking the trae in the last equality, we get
ρα(X,Y ) =
1
2
4n∑
i=1
ǫiR(X,Y, ei, Jαei) = −
1
2
4n∑
i=1
ǫβǫiR(X,Y, Jβei, JαJβei)
= −
1
2
4n∑
i=1
ǫiR(X,Y, ei, Jαei) + 2nǫγ(dωα + ǫαωβ ∧ ωγ)(X,Y ).
Q.E.D.
Using Proposition 4.1 we nd a simple neessary and suient ondition a PQKT manifold to
be a HPKT one, i.e. the holonomy group of ∇ to be a subgroup of Sp(n,R).
Proposition 4.2. A 4n-dimensional (n > 1) PQKT manifold is a loal HPKT manifold if and only
if all the three Rii forms vanish, i.e ρ1 = ρ2 = ρ3 = 0.
Proof. If a PQKT manifold is a HPKT manifold then the holonomy group of ∇ is ontained in
Sp(n,R). This implies ρα = 0, α = 1, 2, 3.
For the onverse, let the three Rii forms vanish. The equations (4.47) mean that the urvature
of the Sp(1,R) onnetion on P vanish. Then there exists a loal basis (Iα, α = 1, 2, 3) of almost
(para)omplex strutures on P and eah Iα is ∇-parallel i.e. the orresponding onnetion 1-forms
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ωIα = 0, α = 1, 2, 3. Then eah Iα is a (para)omplex struture, by (3.17) and (3.18). This implies
that the PQKT manifold is a loal HPKT manifold. Q.E.D.
The Rii tensor Ric and salar urvatures Scal and Scalα of the PQKT onnetion ∇ are dened
by
Ric(X,Y ) =
4n∑
i=1
ǫiR(ei,X, Y, ei), Scal =
4n∑
i=1
ǫiRic(ei, ei), Scalα = −
4n∑
i=1
ǫiRic(ei, Jαei).
We denote by Ricg,Scalg,ρgα, et. the orresponding objets for the metri g, i.e. the same ob-
jets taken with respet to the Levi-Civita onnetion ∇g.We may onsider (g, Jα) as an almost
(para)Hermitian struture. The tensor ρ⋆α(X,Y ) = ρ
g
α(X,JαY ) is known as the ⋆− Rii tensor
of the almost (para)Hermitian struture. It is equal to ρ⋆α(X,Y ) = −
∑2n
i=1R
g(ei,X, JαY, Jαei) by
the Bianhi identity. The funtion Scalgα is known also as the ⋆−salar urvature. In general, the
⋆−Rii tensor is not symmetri and the ⋆− Einstein ondition is a strong ondition. We shall see
in this setion that the salar urvature funtions are not independent and we dene a new salar
invariant, the "paraquaternioni ⋆− salar urvature" of a PQKT spae.
Our main tehnial result is the following
Proposition 4.3. Let (M,g, (Jα),∇) be a 4n-dimensional PQKT manifold. The following formulas
hold
nǫαρα(X,JαY ) + ǫβρβ(X,JβY ) + ǫγργ(X,JγY ) =(4.48)
nRic(X,Y ) +
n
4
ǫα(dT )α(X,JαY )− n(∇Xt)(Y );
(4.49) (n− 1)ǫαρα(X,JαY ) =
n(n− 1)
n+ 2
Ric(X,Y )−
n(n− 1)
(n+ 2)
(∇Xt)Y+
+
n
4(n+ 2)
{(n+ 1)ǫα(dT )α(X,JαY )− ǫβ(dT )β(X,JβY )− ǫγ(dT )γ(X,JγY )} ,
where (dT )α(X,Y ) =
∑4n
i=1 ǫidT (X,Y, ei, Jαei).
Proof. Sine the torsion is a 3-form, we have [20, 25℄
(4.50) (∇gXT )(Y,Z,U) = (∇XT )(Y,Z,U) +
1
2
σ
XY Z
{g(T (X,Y ), T (Z,U)} ,
where
σ
XY Z
denote the yli sum of X,Y,Z.
The exterior derivative dT is given by
dT (X,Y,Z,U) =
σ
XY Z
{(∇XT )(Y,Z,U) + g(T (X,Y ), T (Z,U)}(4.51)
−(∇UT )(X,Y,Z) +
σ
XY Z
{g(T (X,Y ), T (Z,U)} .
The rst Bianhi identity for ∇ states
(4.52)
σ
XY Z
R(X,Y,Z,U) =
σ
XY Z
{(∇XT )(Y,Z,U) + g(T (X,Y ), T (Z,U)} .
We denote by B the Bianhi projetor i.e. B(X,Y,Z,U) = σ
XY Z
R(X,Y,Z,U).
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The urvature Rg of the Levi-Civita onnetion is onneted by R in the following way
Rg(X,Y,Z,U) = R(X,Y,Z,U) −
1
2
(∇XT )(Y,Z,U) +
1
2
(∇Y T )(X,Z,U)
−
1
2
g(T (X,Y ), T (Z,U)) −
1
4
g(T (Y,Z), T (X,U)) −
1
4
g(T (Z,X), T (Y,U)).(4.53)
Dene D by D(X,Y,Z,U) = R(X,Y,Z,U) −R(Z,U,X, Y ), we obtain from (4.53)
D(X,Y,Z,U) =(4.54)
1
2
(∇XT )(Y,Z,U) −
1
2
(∇Y T )(X,Z,U) −
1
2
(∇ZT )(U,X, Y ) +
1
2
(∇UT )(Z,X, Y ),
sine Dg of Rg is zero.
Using (4.46) and (4.52), we nd the following relation between the Rii tensor and the Rii
forms
ρα(X,Y ) = −
1
2
4n∑
i=1
(ǫi(R(Y, ei,X, Jαei) + ǫiR(ei,X, Y, Jαei)) +(4.55)
+
1
2
4n∑
i=1
ǫiB(X,Y, ei, Jαei) = −
1
2
Ric(Y, JαX) +
1
2
Ric(X,JαY ) +
1
2
4n∑
i=1
ǫiB(X,Y, ei, Jαei)
+
1
2n
{−ǫαρβ(JγY,X) + ǫαρβ(JγX,Y )− ǫαργ(JβX,Y ) + ǫαργ(JβY,X)} .
On the other hand, using (4.46), we alulate
4∑
i=1
ǫiD(X, ei, Jαei, Y ) =
4n∑
i=1
{ǫiR(X, ei, Jαei, Y ) + ǫiR(Y, ei, JαeiX)}(4.56)
= Ric(Y, JαX) +Ric(X,JαY )
+
1
n
{ǫαρβ(X,JγY ) + ǫαρβ(Y, JγX)− ǫαργ(Y, JβX)− ǫαργ(X,JβY )} .
Combining (4.55) and (4.56), we derive
(4.57) nǫαρα(X,JαY ) + ǫβρβ(X,JβY ) + ǫγργ(X,JγY ) =
nRic(X,Y ) +
n
2
ǫαBα(X,JαY ) +
n
2
ǫαDα(X,JαY ),
where the tensors Bα and Dα are dened by Bα(X,Y ) =
∑4n
i=1 ǫiB(X,Y, ei, Jαei) and
Dα(X,Y ) =
∑4n
i=1 ǫiD(X, ei, Jαei, Y ). Taking into aount (4.54), we get the expression
(4.58) Dα(X,Y ) = −(∇Xt)(JαY )− (∇Y t)(JαX) α = 1, 2, 3.
To alulate Bα +Dα we use (4.51) twie and (4.58). After some alulations, we derive
(4.59) Bα(X,Y ) +Dα(X,Y ) =
1
2
4n∑
i=1
ǫidT (X,Y, ei, Jαei)− 2(∇X t)(JαY ), α = 1, 2, 3.
We substitute (4.59) into (4.57). Solving the obtained system, we obtain
(n− 1)(ǫαρα(X,JαY )− ǫβρβ(X,JβY )) =
n
2
(ǫα(dT )α(X,JαY )− ǫβ(dT )β(X,JβY )).(4.60)
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Finally, (4.57) and (4.59) imply (4.49). Q.E.D.
Theorem 4.4. On a PQKT manifold (M4n, g, (Jα) ∈ P) (n > 1) the (2,0)+(0,2)-parts of the Rii
forms ρα, ρβ with respet to Jγ oinide in sense that the next identity holds
(4.61) ρα(JβX,JβY ) + ǫβρα(X,Y ) + ǫγργ(JβX,Y ) + ǫγργ(X,JβY ) = 0
Proof. We need the following
Lemma 4.5. The tensors Lα(X,Y ) =
∑4n
i=1 ǫig(T (X, ei), T (Y, Jαei), for α = 1, 2, 3 are related by:
(4.62) Lα(JβX,JβY ) + ǫβLα(X,Y ) + ǫγLγ(JβX,Y ) + ǫγLγ(X,JβY ) = 0
Proof. The formula (4.62) follows from equalities
Lα(X,Y ) =
4n∑
i=1
ǫig(T (X, ei), T (Y, Jαei)) = −
4n∑
i=1
ǫig(T (X,Jαei), T (Y, ei)) =
=
4n∑
i,j=1
ǫiǫjT (X, ei, ej)T (ej , Y, Jαei) =
4n∑
i,j=1
ǫiǫjT (X, ei, ej)g(T (ej , Y ), Jαei) =
=
4n∑
i,j=1
ǫiǫjT (X, ej , ei)g(ei, JαT (Y, ej)) = −
4n∑
j=1
ǫjg(T (X, ej), JαT (Y, ej))
and property (3.16). Q.E.D.
From the rst Bianhi identity the next sequene of equalities
2ρα(JβX,JβY ) +
4n∑
i=1
ǫiR(JβY, ei, JβX,Jαei) +
4n∑
i=1
ǫiR(ei, JβX,JβY, Jαei) = 2ǫγ(∇JβXt)JγY−
2ǫγ(∇JβY t)JγX +
4n∑
i=1
ǫi(∇eiT )(JβX,JβY, Jαei) +
4n∑
i=1
ǫig(T (JβX,JβY ), T (ei, Jαei))− 2Lα(JβX,JβY ).
2ǫβρα(X,Y ) +
4n∑
i=1
ǫiǫβR(Y, ei,X, Jαei) +
4n∑
i=1
ǫiǫβR(ei,X, Y, Jαei) = −2ǫβ(∇X t)JαY+
2ǫβ(∇Y t)JαX +
4n∑
i=1
ǫiǫβ(∇eiT )(X,Y, Jαei) +
4n∑
i=1
ǫiǫβg(T (X,Y ), T (ei, Jαei))− 2ǫβLα(X,Y ).
2ǫγργ(JβX,Y ) +
4n∑
i=1
ǫiǫγR(Y, ei, JβX,Jγei) +
4n∑
i=1
ǫiǫγR(ei, JβX,Y, Jγei) = −2ǫγ(∇JβXt)JγY−
2ǫβ(∇Y t)JαX +
4n∑
i=1
ǫiǫγ(∇eiT )(JβX,Y, Jγei) +
4n∑
i=1
ǫiǫγg(T (JβX,Y ), T (ei, Jγei))− 2ǫγLγ(JβX,Y ).
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2ǫγργ(X,JβY ) +
4n∑
i=1
ǫiǫγR(JβY, ei,X, Jγei) +
4n∑
i=1
ǫiǫγR(ei,X, JβY, Jγei) = 2ǫβ(∇X t)JαY+
2ǫγ(∇JβY t)JγX +
4n∑
i=1
ǫiǫγ(∇eiT )(X,JβY, Jγei) +
4n∑
i=1
ǫiǫγg(T (X,JβY ), T (ei, Jγei))− 2ǫγLγ(X,JβY ).
The sum of all these equalities, (4.46) and the fat that T is (1, 2)+(2, 1)-form with respet to eah
Jα, gives
2(n− 1)
n
ρα(JβX,JβY ) +
2(n − 1)
n
ǫβρα(X,Y ) +
2(n− 1)
n
ǫγργ(JβX,Y ) +
2(n− 1)
n
ǫγργ(X,JβY ) =
= −2Lα(JβX,JβY )− ǫβ2Lα(X,Y )− ǫγ2Lγ(JβX,Y )− ǫγ2Lγ(X,JβY ).
From Lemma4.5 and fat that (n > 1), we have (4.61) Q.E.D.
We easily derive from Theorem4.4
Corollary 4.6. The (2,0)+(0,2)-parts of the 2-forms (dT )α, (dT )β with respet to Jγ oinide.
Theorem 4.7. On a 4n-dimensional (n > 1) PQKT-manifold the following formula hold
(4.63) ǫαρα(X,JαY ) + ǫαρα(JαX,Y ) = −
n
n+ 1
(dt(X,Y ) + ǫαdt(JαX,JαY ))
In partiular, ρα is of type (1, 1) with respet to Jα,α = 1, 2, 3 if and only if dt is of type (1, 1) with
respet to eah Jα,α = 1, 2, 3.
Proof. From the rst Bianhi identity, formulas (3.16) and (4.46) follow
(4.64)
2(ǫαρα(X,JαY )+ǫαρα(JαX,Y ))−ǫα(Ric(JαX,JαY )−Ric(JαY, JαX))−((Ric(X,Y )−Ric(Y,X))+
+
1
n
(ǫβρβ(X,JβY )+ǫβρβ(JβX,Y )+ǫγργ(X,JγY )+ǫγργ(JγX,Y )−ρβ(JαX,JγY )−ρβ(JγX,JαY )+
+ργ(JαX,JβY )+ργ(JβX,JαY )) = −2(dt(X,Y )+ǫαdt(JαX,JαY ))+δT (X,Y )+ǫαδT (JαX,JαY ).
First, we substitute X → JαX into (4.61) to
(4.65) ǫγρα(JγX,JβY ) + ǫβρα(JαX,Y ) + ργ(JγX,Y ) + ǫγργ(JαX,JβY ) = 0
After that we substitute Y → JαY into (4.61) to get
(4.66) ǫγρα(JβX,JγY ) + ǫβρα(X,JαY ) + ργ(X,JγY ) + ǫγργ(JβX,JαY ) = 0
Summing up (4.65) and (4.66), we obtain
(4.67) ǫαρα(X,JαY ) + ǫαρα(JαX,Y ) = ǫγργ(JγX,Y ) + ǫγργ(X,JγY )+
+ργ(JαX,JβY ) + ργ(JβX,JαY ) + (ρα(JγX,JβY ) + ρα(JβX,JγY ))
We make the yli permutation (α, β, γ) → (β, γ, α) in (4.67) to obtain
(4.68) ǫαρα(X,JαY ) + ǫαρα(JαX,Y ) = ǫβρβ(JβX,Y ) + ǫβρβ(X,JβY )+
−ρβ(JαX,JγY )− ρβ(JγX,JαY )− (ρα(JγX,JβY ) + ρα(JβX,JγY ))
Adding (4.67) to (4.68), we get
(4.69) 2(ǫαρα(X,JαY ) + ǫαρα(JαX,Y )) = ǫγργ(JγX,Y ) + ǫγργ(X,JγY )+
+ǫβρβ(JβX,Y ) + ǫβρβ(X,JβY ) + ργ(JαX,JβY ) + ργ(JβX,JαY )−
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−ρβ(JαX,JγY )− ρβ(JγX,JαY )
Now, equalities (4.64), (4.68), (4.69) and Ric(X,Y )−Ric(Y,X) = −δT (X,Y ) (see [25℄) prove the
assertion. Q.E.D.
Corollary 4.8. On a 4n-dimensional (n > 1) PQKT-manifold the following formula hold
(4.70) ǫαρ
g
α(X,JαY ) + ǫαρ
g
α(JαX,Y ) = −
n− 1
2(n+ 1)
(dt(X,Y ) + ǫαdt(JαX,JαY ))
In partiular, ρ⋆α is symmetri if and only if dt is of type (1, 1) with respet to eah Jα,α = 1, 2, 3.
Proof. We get from (4.53) that
ǫαρ
g
α(X,JαY ) + ǫαρ
g
α(JαX,Y ) = ǫαρα(X,JαY ) + ǫαρα(JαX,Y ) +
1
2
(dt(X,Y ) + ǫαdt(JαX,JαY )).
Now (4.70) is a onsequene of (4.63). Q.E.D.
Proposition 4.9. On a 4n-dimensional (n > 1) PQKT-manifold we have the equalities:
(4.71) Scalα,α = Scalβ,β = Scalγ,γ , Scalα,β = 0, Scalα =
1
2
(dt,Φα)
Proof. Using (4.73), we obtain
(4.72)
2(n− 1)
n
(ρα(X,JαY )− ρβ(X,JβY )) = ((dT )α(X,JαY )− (dT )β(X,JβY ));
(4.73) (n− 1)ǫαρα(X,JαY ) =
n(n− 1)
n+ 2
Ric(X,Y )−
n(n− 1)
n+ 2
(∇Xt)Y+
+
n
4(n+ 2)
{(n+ 1)ǫα(dT )α(X,JαY )− ǫβ(dT )β(X,JβY )− ǫγ(dT )γ(X,JγY )} .
Take the appropriate trae in (4.72), to get Scalα,α = Scalβ,β, Scalα,β = 0. The last equality in
(4.71) is a diret onsequene of Scalα,β = 0 and (4.73). Q.E.D.
Denition. The three oiniding traes of the Rii forms on a 4n dimensional PQKT manifold
(n > 1), give a well-dened global funtion. We all this funtion the paraquaternioni salar
urvature of the PQKT onnetion and denote it by ScalP := Scalα,α.
Proposition 4.10. On a 4n-dimensional (n > 1) PQKT manifold we have
(4.74) Scalgα = Scal
g
β = Scal
g
γ = ScalP − δt+ ||t||
2 −
1
12
||T ||2,−ǫγScal
g
α,β = Scalγ =
1
2
(dt,Φγ).
Proof. The urvature Rg of the Levi-Civita onnetion is related to R via (4.53) Taking the
traes in (4.53) and using (3.19), we obtain
ǫαρ
g
α(X,JαY ) = ǫαρα(X,JαY ) +
1
2
(∇X t)Y − ǫα
1
2
(∇JαY t)JαX(4.75)
+
1
2
ǫαt(JαT (X,JαY )) +
1
4
4n∑
i=1
ǫiǫαg (T (X, ei), T (JαY, Jαei)) ,
To nish, take the appropriate traes in (4.75) and apply Proposition 4.9. Q.E.D.
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Denition. The three oiniding traes of the Riemannian Rii forms on a 4n dimensional PQKT
manifold (n > 1), give a well-dened global funtion. We all this funtion the paraquaternioni
∗-salar urvature and denote it by Scalg
P
:= Scalgα,.
Proposition 4.11. On a 4n-dimensional (n > 1) PQKT manifold (M,g,P) the salar urvatures
are related by
Scalg =
n+ 2
n
ScalP − 3δt+ 2||t||
2 −
1
12
||T ||2,
Scalg
P
= ScalQ − δt+ ||t||
2 −
1
12
||T ||2,
Scal =
n+ 2
n
ScalP − 3δt+ 2||t||
2 −
1
3
||T ||2.
Proof. We derive from (4.53) that
Ricg(X,Y ) = Ric(X,Y ) +
1
2
δT (X,Y ) +
1
4
2n∑
i=1
g (T (X, ei), T (Y, ei)) ,(4.76)
Scalg = Scal +
1
4
||T ||2.
Take the trae in (4.73) to get the rst equality of the proposition. The seond equality is already
proved in Proposition 4.74. The last one is a onsequene of (4.76) and the already proven rst
equality in the proposition. Q.E.D.
5. PQKT manifolds with parallel torsion and homogeneous PQKT strutures
Let (G/K, g) be a redutive (loally) homogeneous pseudo-Riemannian manifold. The anon-
ial onnetion ∇ is haraterized by the properties ∇g = ∇T = ∇R = 0 [32℄. A homoge-
neous paraquaternioni Hermitian manifold (resp. homogeneous hyper para-Hermitian) manifold
(G/K, g,P) is a homogeneous pseudo-Riemannian manifold with an invariant paraquaternioni Her-
mitian subbundle P (resp. three invariant anti ommuting (para)omplex strutures ). This means
that the bundle P (resp. eah of the (para)omplex strutures) is parallel with respet to the anon-
ial onnetion ∇. The torsion of ∇ is totally skew-symmetri if and only if the homogeneous
pseudo-Riemannian manifold is naturally redutive. Homogeneous PQKT (resp. HPKT) manifolds
are homogeneous paraquaternioni Hermitian (resp. homogeneous hyper para-Hermitian) manifold
whih are naturally redutive.
We show that there are no homogeneous PQKT manifold with torsion 4-form dT of type (2,2) with
respet to eah Jα in dimensions greater than four. First, we prove the following tehnial result
Proposition 5.1. Let (M,g, (Jα),∇) be a 4n-dimensional (n > 1) PQKT manifold with 4-form dT
of type (2,2) with respet to eah Jα, α = 1, 2, 3. Suppose that the torsion is parallel with respet to
the PQKT-onnetion. Then the Rii forms ρα are given by
(5.77) ǫαρα(X,JαY ) = λg(X,Y ), α = 1, 2, 3,
where λ is a smooth funtion on M .
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Proof. Let the torsion be parallel i.e. ∇T = 0. This implies that the Rii tensor is symmetri
[20℄. The equalities (4.51) and (4.52) lead to
(5.78) B(X,Y,Z,U) =
σ
XY Z
{g(T (X,Y ), T (Z,U)} =
1
2
dT (X,Y,Z,U).
We get D = 0 from (4.54).
Suppose now that the 4-form dT is of type (2,2) with respet to eah Jα, α = 1, 2, 3.. Then it
satises the equalities
(5.79) −ǫαdT (X,Y,Z,U) = dT (JαX,JαY,Z,U) + dT (JαX,Y, JαZ,U) + dT (X,JαY, JαZ,U).
.
The similar arguments as we used in the proof of Proposition 3.1 but applying (5.79) instead of
(3.16), yield
Lemma 5.2. On a PQKT manifold with 4-form dT of type (2,2) with respet to eah Jα, α = 1, 2, 3,
the following equalities hold:
(5.80) (dT )1(X,J1Y ) = (dT )2(X,J2Y ) = −(dT )3(X,J3Y ),
(5.81) (dT )α(X,JαY ) = −(dT )α(JαX,Y ), α = 1, 2, 3.
We substitute (5.80), (5.78) and D = 0 into (4.73) to get
(5.82) ρ1(X,J1Y ) = ρ2(X,J2Y ) = −ρ3(X,J3Y ),
(5.83) ǫαρα(X,JαY ) =
n
n+ 2
Ric(X,Y ) +
n
4(n + 2)
ǫα(dT )α(X,JαY ), α = 1, 2, 3.
The equality (5.81) shows that the 2-form dTα is a (1,1)-form with respet to Jα. Hene, the dTα
is (1,1)-form with respet to eah Jα, α = 1, 2, 3, beause of (5.80). Sine the Rii tensor Ric is
symmetri, (5.83) shows that the Rii tensor Ric satises Ric(JαX,JαY ) = −ǫαRic(X,Y ), α =
1, 2, 3 for eah Jα and the Rii forms ρα, α = 1, 2, 3 are (1,1)-forms with respet to all Jα, α = 1, 2, 3.
Taking into aount (4.46), we obtain
(5.84) −ǫαR(X,JαX,Z, JαZ) +R(X,JαX,JβZ, JγZ) +R(JβX,JγX,Z, JαZ)−
−ǫαR(JβX,JγX,JβZ, JγZ) =
1
n
(−ǫαρα(X,JαX) + ρα(JβX,JγX)) g(Z,Z) =
= −
2
n
ǫαρα(X,JαX)g(Z,Z)
where the last equality of (5.84) is a onsequene of the following identity
ρα(JβX,JγX) = ǫβρβ(JβX,X) = −ǫαρα(X,JαX).
The left hand side of (5.84) is symmetri with respet to the vetors X,Z beause D = 0. Hene,
ρα(X,JαX)g(Z,Z) = ρα(Z, JαZ)g(X,X), α = 1, 2, 3. The last equality together with (5.82) implies
(5.77). Q.E.D.
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Theorem 5.3. Let (M,g, (Jα)) be a 4n-dimensional (n > 1) PQKT manifold with 4-form dT of
type (2,2) with respet to eah Jα, α = 1, 2, 3. Suppose that the torsion is parallel with respet to the
PQKT-onnetion. Then (M,g, (Jα)) is either a HPKT manifold with parallel torsion or a PQK
manifold.
Proof. We apply Proposition 5.1. If the funtion λ = 0 then ρα = 0, α = 1, 2, 3, by (5.77) and
Proposition 4.2 implies that the PQKT manifold is atually a HPKT manifold.
Let λ 6= 0. The ondition (5.77) determines the torsion ompletely. We proeed involving (4.47)
into the omputations. We alulate, using (2.1) and (5.77), that
(5.85) (∇Zρα)(X,Y ) = λ {ωβ(Z)Fγ(X,Y ) + ǫγωγ(Z)Fβ(X,Y )}+ dλ(Z)Fα(X,Y ).
Applying the operator d to (4.46), we get taking into aount (5.77) that
(5.86) dρα(X,Y,Z) = λ(ǫγFβ ∧ ωγ + ωβ ∧ Fγ)
On the other hand, we have
(5.87) dρα =
σ
XY Z
{(∇Zρα)(X,Y ) + λ(T (X,Y, JαZ)} , α = 1, 2, 3.
Comparing the left-hand sides of (5.86) and (5.87) and using (5.85), we derive
λ
σ
XY Z
{g(T (X,Y ), JαZ)} = −dλ ∧ Fα(X,Y,Z), α = 1, 2, 3.
The last equality implies λT = −ǫαJαdλ∧Fα, α = 1, 2, 3. If λ is a non zero onstant then T = 0.
If λ is not a onstant then there exists a point p ∈ M and a neighbourhood Vp of p suh that
λ
∣∣∣
Vp
6= 0. Then
(5.88) T = −ǫαJαd ln λ ∧ Fα, α = 1, 2, 3.
We take the trae in (5.88) to obtain
(5.89) 4(n− 1)Jαd lnλ = 0, α = 1, 2, 3.
The equation (5.89) fores dλ = 0 sine n > 1 and onsequently T = 0 by (5.88). Hene, the QKT
spae is a QK manifold whih ompletes the proof. Q.E.D.
On a loally homogeneous PQKT manifold the torsion and urvature are parallel and Theorem 5.3
leads to the following
Theorem 5.4. A (loally) homogeneous 4n-dimensional (n > 1) PQKT manifold with torsion 4-
form dT of type (2,2) is either (loally) homogeneous HPKT spae or a (loally) symmetri PQK
spae.
Theorem 5.4 shows that there are no homogeneous (proper) PQKT manifolds with torsion 4-form
of type (2,2) in dimensions greater than four.
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